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1. INTRODUCTION 
The purpose of this paper is to analyze collision and parabolic orbits of 
Newtonian n-body systems. (What constitutes a collision orbit is self- 
explanatory. Parabolic motion is a transition motion for escape orbits where 
the escape velocity approaches zero as time approaches infinity.) In 
particular we will be interested in the structure of Q, the set of initial 
conditions whose solutions terminate in a collision singularity, and P, the set 
of initial conditions whose solutions have at least two particles which define 
a parabolic orbit. Furthermore, we will analyze the asymptotic properties of 
collision and parabolic orbits as well as the complex analytic classification 
of a collision singularity. This last issue relates to whether or not a collision 
singularity can be removed. 
Littlewood [6] conjectured, and it has been shown (Saari [ 18]), that Q is 
of Lebesgue measure zero and of Baire first category. We shall improve this 
result by showing that a certain subset SH of Q is either the finite union of 
smooth lower-dimensional submanifolds, or it is contained in such a set. 
(The conditions which specify when each situation occurs will be stated.) 
This subset SH includes all of the collision orbits which are currently known 
to exist. Furthermore, for almost all choices of the masses in the planar n- 
body problem, it is known that SH exhausts all possible types of collisions. 
However, it remains unresolved as to whether SH must always equal Q. 
A characterization of parabolic motion is that two particles define a 
parabolic orbit should the distance between them be bounded above and 
below by positive constant multiples of t2’3 (Pollard [ 131, Saari [ 171, 
Marchal and Saari [8]). It turns out that there is a close mathematical 
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connection between collision and parabolic orbits. Indeed, with the approach 
used here, collision orbits correspond to the unstable manifold of a certain 
set while the parabolic orbits are associated with the stable manifold. Conse- 
quently, comparisons between the two types of orbits are possible. For 
example, the results for the structure of P are similar to those of Q. 
However, as we will see, the analysis of parabolic motion is more 
complicated because it can include bounded subsystems (for example, two 
subsystems were in each subsystem the distances between particles remains 
bounded but the subsystems separate from each other like t2’3). Part of the 
difficulty resides in the fact that the behavior of all bounded motion is not 
known. This problem with bounded motion will not be handled here; instead, 
we will analyze systems which are completely dispersing. In this setting it 
will be shown that the set P is either a finite union of smooth submanifolds 
or it is contained in such a set. (Some work on parabolic motion with 
bounded motion for the planar three-body problem has been conducted by 
Easton [2] and Robinson [ 151. For the three-body problem it is known that 
the binary motion approaches a manifold defined by the bounded two-body 
orbits (Chazy [ 1 I.) 
A second theme of this paper is to describe the asymptotic behavior of 
collision orbits. For example, a long-standing problem dating back to 
Painlevt in the last century and re-examined by Wintner [27] was whether a 
collision orbit could “spin” about its limiting collision point, or whether it 
must approach a definite limit. This question will be posed here in a more 
explicit fashion and then resolved by showing that the orbits cannot “spin.” 
Again, the same issue arises for parabolic orbits. The resolution is not quite 
the same as for collisions, but it is related. 
Another analytical question concerning collisions, which is attributed to 
C. L. Siegel, concerns the complex analytic classification of these 
singularities. By treating the independent variable t as a complex variable, 
the solutions of the n-body problem become complex analytic functions of t. 
It is known that a binary collision corresponds to an algebraic branch point 
of the solution. Furthermore, by use of Riemann surfaces or by a unifor- 
mizing change of variables, it turns out that this type of singularity can be 
removed. Consequently, the behavior of these solutions has certain nice 
properties such as continuity with respect to initial conditions, etc. On the 
other hand, Siegel showed that for almost all choices of the masses, a total 
collapse of the three-body problem corresponds to a logarithmic branch 
point [23]. The Siegel question concerns two simultaneous binary collisions 
-is this singularity an algebraic or a logarithmic branch point? We shall 
show that for any number of simultaneous binary collisions the singularity is 
an algebraic branch point, but for almost all choices of masses and for any 
other type of collision singularity, the singularity usually is a logarithmic 
branch point. (A lower-dimensional submanifold of orbits may be excluded.) 
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This result speaks to the issue whether or not a singularity can be removed 
by the process of “regularization” (Siegel and Moser [23]). 
We conclude this section by introducing some notation, Assume given an 
inertial coordinate system which is fixed at the center of mass of the system. 
Let M,, cl, v1 denote, respectively, the mass, position vector, and velocity 
vector of the ith particle. The same letter will be used to denote the 
magnitude of a vector, e.g., V, = (v!, vJ1’*, r$ = (r, - rj, ri - rj)* 
Define u= Z<K.M m,m,/rij. The equations of motion are 
m,i,=au/ar,, i = 1, 2 )...) n. V-1) 
We find it useful to express these equations in a vector form on a 3n- 
dimensional space. Toward this end define an inner product on (R3)” as 
(a, b) = 2 ml(ai, b,), where a = (a, ,..., a,), ai E R3, and (-,-) is the usual 
inner product on R 3. Let E, = (e I ,..., e,), where ei E R 3 is the unit vector in 
the ith coordinate direction. If we set r = (r i ,..., r,,), then the center of mass 
restriction asserts that all motion r lies in the linear subspace 
{aE(R3)“:(a,E,)=0,i=1,2,3}. (1.2) 
Furthermore, if V is the gradient with respect to this inner product, then the 
equations of motion become 
i = VU(r). (1.3) 
A direct integration of this equation yields the conservation of energy 
(v, v) = 2(U(r) + h) (1.4) 
where v = (vi ,..., v,) and h is a constant of integration. 
Some of the techniques in this paper rely upon an earlier study (Saari and 
Hulkower [21]) where several of the issues concerning the asymptotic 
behavior of orbits were considered and resolved for the special cases of total 
collapse and completely parabolic orbits of the n-body problem. The results 
given in this current paper include all known cases of collisions and extend 
some of the results in [2 I]. 
2. COLLISIONS 
In this section we shall extend certain results for total collapse orbits to 
arbitrary collision orbits. First, some known results will be described, and 
then the extensions will be stated and proved. While doing this, we will 
introduce some notation and the equations of motion. 
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Let d, = {a E (R 3)n: a1 = aj}. This set corresponds to where the ith and 
the jth particles collide. 
LetA=U i ci~jcJt,. The set d is a generalized diagonal which defines 
the boundary or singularity set for the equations of motion 1.3; that is, d 
characterizes the points where the self-potential U is undefined. It was shown 
by Painleve [ 10,231 that there is a singularity of the equations of motion at 
time t’ if and only if r approaches the set d as t -+ t’. A singularity is a 
collision singularity if and only if there exists L E d such that r + L as t + t’. 
A “total collapse” orbit is defined by the condition L = 0; this means that all 
of the particles are colliding at the center of mass. Since the system is time 
reversible and invariant with respect to time translates, we will assume 
without loss of generality that t’ = 0 and that t -+ 0 through positive values. 
The following characterization of a collision singularity is fundamental for 
what follows. 
THEOREM A (Pollard and Saari [ 141). Assume there is a collision 
singularity at time t = 0 and that r + L E A as t + O+. Then there exists a 
positive constant A such that 
(r - L, r - L) - At4’3 
(i, r - L) - (2/3) At1’3 
U - (2/9) At-2’3. 
(2.1) 
(By definition, for a non-collision singularity, r approaches A, but r cannot 
have a fixed limiting point in this set. It is known that r + A in such a 
fashion that (r, r) becomes unbounded (Sperling [24]). Indeed, (r, r) 
approaches infinity at a “rapid” rate but in an oscillatory fashion which has 
r approaching and departing infinitely often certain leaves A, (Saari [19].) 
From the above representation, the rates with which the colliding particles 
approach each other can be obtained. 
COROLLARY. Assume that particles i and j collide at time t = 0. Then 
there exist positive constants A,, B, such that for suflciently small values of 
t the following inequalities are satisJed: 
Ailt213 < r.. < B..t213 IJ lJ ’ (2.2) 
ProoJ For each choice of i, it follows from the first of Eq. (2.1) that 
eventually the following inequality will be satisfied: 
Irl - L,( < (U/m,) Pi3 
where L, is the appropriate component of L. 
505/55/3-2 
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If particles i and j collide, then Li = Li, so the asserted upper bound 
follows by use of the triangle inequality. Similarly, since the masses are 
positive, for any choice of i and j, mt mj/rij < U. The asserted lower bound 
for rrj now follows from the last of Eq. (2.1). 
According to the theorem and the above corollary, r approaches L like 
t213. In order to determine a more precise representation of this orbit near 
collision, the point L will be “blown up” by scaling out the lead term by 
defining R = (r - L)/t *I3 The scaled equations of motion become . 
at*/3 + #-l/3 - @-“I3 = Vu(L + Rt2/3)e (2.3) 
This equation will be rewritten in terms of the components Ri. Toward 
this end, the particles will be clustered into subgroups according to whether 
or not they collide with each other. Namely, particles i and j belong to the 
same cluster if and only if Li = L,. This equivalence relation partitions the 
indices into k ( n classes G(u), a = 1, 2,..., k. Note that the non-colliding 
particles define singleton classes. Since L E A, some G class contains at least 
two indices. 
With this notation, the equations of motion for i E G(a) become 
t*iji + $tIki - $R, = 2 mj(Rj - R,)/Ri 
jeG(a) 
j+i 
+ t4’3 2 mj{ (R, - Ri) t2’3 + (L, - Li)}/ I {(R, - Rj) t2’3 + (L, - Lj)}13* 
idG@) 
(2.4) 
For total collapse orbits it is known that the solutions of Eq. (2.4) tend to 
an analytic variety which corresponds to certain geometric configurations of 
the particles R,. It has been stated (Saari [ 171) that a similar result holds for 
arbitrary collision problems, but a proof has not been published. This 
introductory section will be concluded by describing the variety and then 
stating and proving the assertion. 
The class of indices G(a) defines a linear subspace, call it R”, of (R3)“. 
Namely, R” is the product of the component spaces R3 which have indices in 
G(a). Let the vector R, be the natural projection of R into this subspace. 
Define 
CC, = {R, : $R, + c m,(R, - R,)/Rb = 0, i E G(a)}. (2.5) 
icG(a) 
j+i 
If G(u) has only one element, then CC, = {O}. 
We shall show that CC, is an analytic variety by relating this set to the 
critical points of an analytic function. Of course, we can assume that G(u) 
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has more than one element. Let (-,-)o be the natural restriction of (-,-) to 
R’ and let V, be the corresponding gradient. Then a direct computation, 
similar to that given in Wintner [27], establishes the following statement 
where U, has the obvious definition 
PROPOSITION. The set CC, is an analytic variety which is equivalent to 
the critical points of (R,, R,),JJi on the analytic variety U, = <(R,, R,),. 
Both the inner product and the function U, are invariant with respect to 
an SO(3) action where if PE SO(3), then P(b)= {P(b,),..., P(b,)}. Conse- 
quently, the set CC, is also SO(3) invariant. 
COROLLARY 2.1. Let A E CC, and let P E SO(3). Then P(A) E CC,. 
If ]G, ] = 2, then modulo the rotation group action, CC,, is a point. If 
1 G, ] = 3, then it is known that modulo the rotation action, CC, consists of 
four points which correspond to an equilateral triangle and three collinear 
configurations. (See Wintner [27].) Not much is known for 1 G, ] > 3. The 
following statements can be found in Wintner [27] for the special case of 
total collapse (L = 0). This theorem extends the central configuration 
statement to all possible types of collisions. 
THEOREM 2.1. For collision orbits R + CC = n&i CC, and tk = o(1) 
as t+O. 
Proof: Because all of the terms in the second summation on the right- 
hand side of Eq. (2.4) are bounded (this is because j & G,, so L, # Lj), it 
suffices to show that t’fi, tk + 0. The second asymptotic relationship 
is true should (R, R) = o(t-*). But, (R, R) = I(d/dt)(r - L)/tZ13 I* = 
I-j(r-L)t-5/3 +it2/312 = it-‘“‘“(r-L,r-L) - $t-2’3(r-L,i)+ 
t-4’3(i, i). According to the conservation of energy integral (1.4), (i, r) = 
2(U + h). The second asymptotic relationship follows by substituting the 
relationships found in the conclusion of Theorem A into the right-hand side 
of the above equation. 
To show that t2R + 0, we employ the following elementary Tauberian 
Theorem: Let f E C’(O, 1). If there exist constants A and B such that f - Atb 
and f” > Btbe2, then f’ w bAtb-’ as t+ 0. (See Widder [26].) For this 
proof, f is any component of R, b = -1, and A = 0. Thus the asymptotic 
conclusion holds once it is established that t3k is bounded. 
To show that t3k is bounded, we first show that tk is bounded. But from 
the corollary to Theorem A, each R,, i #j, is bounded away from zero. 
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Thus the right-hand side of Eq. (2.4) is bounded. On the other hand, the 
corollary also establishes that each R, is bounded above. Since tR -+ 0, we 
conclude from Eq. (2.4) that t2R = O(1) as t + 0. 
The expression 
t2R, = -2tii, - $(I$ + tii,) + O(k) 
is obtained by differentiating both sides of Eq. (2.4). But each of the terms 
on the right-hand side is 0(1/t). From this it follows that t3fi is bounded. 
The theorem is proved. 
3. THE PAINLEV~WINTNER “INFINITE SPIN” PROBLEM 
According to Theorem 2.1, all collision-bound orbits have the property 
that R + CC. (Obvious modifications of the argument given in [2 1 ] 
demonstrate that R -+ CC as t + 0 iff R corresponds to a collision orbit.) 
However, CC contains a continuum. This is because Corollary 2.1 asserts 
that the SO(3) orbit of an element of CC, is again in CC,. So, a question 
parallel to the “collision-non-collision singularity” issue arises for the scaled 
equations for the collision orbits. Namely, is it possible for R to approach 
the set CC without approaching any specific point of this set? For example, 
can R approach the SO(3) orbit of some point of CC? As expressed by 
Painleve and Wintner for the three-body, total collapse problem; need ri/t213 
approach a fixed point, or does this term exhibit an infinite spin? Therefore, 
the Painlevk-Wintner spin problem is to determine whether or not an orbit 
can follow the rotational continuum of CC. 
This problem is further complicated should the variety CC admit types of 
continua other than those detemined by the rotational symmetries of the 
system. Should this be true, then the structure of the variety CC may admit 
even more complicated behavior as R + CC. (It is still an unresolved issue 
whether such additional continua can exist. By the proposition given in the 
last section, such a set would correspond to a degeneracy of the singularity 
structure of the given function. See Wintner [27], Saari [20], or Palmore 
[ 11 I.) So, a natural extension of the Painlevk-Wintner spin problem is to 
determine whether all orbits which tend to CC must also tend to a fixed 
point of CC. 
This issue is central to much of what follows in this paper, and this 
section will be devoted toward resolving it in part. More specifically, we 
shall show that a collision orbit cannot follow the SO(3) continuum of CC. 
For certain types of collision orbits, a stronger result is possible; for each 
collision orbit belonging to a set SH, which will be defined below, there does 
exist some A E CC such that R--f A. This result answers the extended 
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Painleve-Wintner question for all collisions which are currently known to 
exist (as well as for some situations which may, or may not, exist). Once this 
statement is established, we will use it along with the stable manifold 
theorem to show that the asserted structure of SHc Q holds. These 
statements will be proved in the following order. First they will be proved for 
the total collapse problem; i.e., where L = 0 and G = {l,..., n}. Then the 
result will be extended to the case of arbitrary collisions. 
In the study of the evolving n-body problem there is a bifurcation motion, 
called “completely parabolic motion,” where the constant of the total energy 
h = 0 and where r expands like t2j3 as t--f co. Again, by using the scaling 
Rt2’3 = r, it can be shown that R + CC as t + co [17]. The same question 
with similar possible manifestations arises. Namely, for completely parabolic 
motion does there exist an A E CC such that R + A as t + co? The 
conclusions for these orbits parallel those given for collision orbits. 
As was stated above, it is not known whether or not the set CC/SO(3) 
always consists of isolated points. But, if it does contain a continuum it is 
due to the singularity structure of K = (R, R)U*. The gradient of this 
function must be zero on this continuum after the obvious redefinition of this 
gradient on the reduced space where the SO(3) action is divided out. (Thus, 
this continuum corresponds to a continuum of geometrically dissimilar 
configurations satisfying the central configuration equations.) The method 
used in this paper requires the singularity structure of K to satisfy certain 
properties. For notational convenience, let K’ be the associated function 
defined on the reduced space where the rotation action is divided out. 
DEFINITION 3.1. A connected, compact submanifold Y of CC is said to 
be “sufficiently hyperbolic” if either 
(1) for each A E Y, the kernel of the matrix DVK lies in the tangent 
space T,Y, or 
(2) Y/SO(3) is an isolated point of CC/SO(3). 
Let sh be the union of components of CC which are sufficiently hyper- 
bolic, compact submanifolds. 
It is not known whether the set sh equals the set CC. It is known that for 
almost all choices of the masses, the planar central configurations satisfy 
Conditions 1 and 2. This is because these central configurations correspond 
to non-degenerate critical points for K’, hence they are isolated points in 
CC/SO(3) (P 1 a more [ 11 I). Furthermore, it is known that all collinear 
central configurations also satisfy both of the above conditions. (That they 
satisfy Conditions 2 is probably due to Moulton [9]; also see Smale [22] 
and [20]. Also, in [20] it is shown that in any dimensional physical space 
there are central configurations which satisfy Condition 1.) The only 
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degenerate central configurations which are known to exist are isolated 
critical points of K’ (Palmore [ 111, Saari [20]), so they satisfy Condition 2. 
Although continua of degenerate critical points are not known to exist for 
K’, Condition 1 admits such behavior provided that the kernel of DVK is in 
the tangent space to Y. It is possible to extend the conclusions of this paper 
to certain types of analytic varieties which are not sufficiently hyperbolic. 
They will be briefly described later in this section. 
THEOREM 3.1. For each total collapse orbit (respectively, each completely 
parabolic orbit) where R tends to sh, there is an A E sh such that R + A as 
t + 0 (respectively, t + co). Furthermore, as t + 0 (respectively, as t + co), 
the set of solutions tending to a component Y of sh which satisfies 
Definition 3.1 (1) forms a smooth lower-dimensional submanifold. Those 
solutions which as t -+ 0 (respectively as t + ~0) tend to a component Y of 
CC which satisfies only the second condition of Definition 3.1 are contained 
in a smooth submantfold of lower dimension. 
The following corollary characterizes the structure of the sets of initial 
conditions leading to all currently known types of completely parabolic 
orbits and of total collapse orbits. 
COROLLARY 3.2. The set of initial conditions for total collapse orbits 
which tend to the set sh is contained in the finite union of smooth 
submantfolds. The set of initial conditions where the motion defines 
completely parabolic motion and where the limiting configuration is in the set 
sh is contained in the finite union of smooth lower-dimensional submantfolds. 
Proof of the Corollary. Because K is homogeneous of degree zero, we 
can assume that it is restricted to a level set of (R, R). Then, K is an 
analytic function on this set except at those points of d where U isn’t 
defined. It is easy to show that there is a neighborhood of d in which the 
gradient of K cannot be zero. Thus, the zero set of the analytic function VK 
is in the interior of a compact set. Consequently, for each critical value of K, 
the zero set of VK has only a finite number of components. Also, K has only 
a finite number of critical values. This means that there is at most a finite 
number of components for CC. The conclusion follows from the Theorem. 
Proof of the Theorem. For total collapse orbits and for completely 
parabolic orbits, G = { 1,2 ,..., n) and the second summation on the right- 
hand side of Eq. (2.4) vanishes. The resulting equation is an Euler 
differential equation, so’the obvious change of independent varables u = In t 
converts the equation to 
R" + 4R' - fR = VU(R) (3.1) 
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where denotes differeniation with respect to u and where t + co 
corresponds to u + co, while t + 0+ corresponds to u + -co. 
In the proof of Theorem 2.1, it was established that R = o(l/t) and 
R = 0(1/t’). With the change of independent variables, these expressions 
become R’, R” =o(l) as U+ -co. The same relationship holds for 
completely parabolic orbits when u + co [ 171. In a first-order format, these 
equations become 
R’=V 
V’ = -;V + $R + VU(R), 
(3.2) 
and the solution (R, V) approaches the set CC X (0). 
The original Painleve-Wintner question was answered in an earlier paper 
[21] where it was shown that for any type of total collapse and for any type 
of completely parabolic orbits, R cannot approach a continuum of points 
obtained by an SO(3) rotation of a point in CC. So, if the reduced set 
Y’/SO(3) consists of isolated points (the second condition for a set to be 
sh), this earlier result would establish the asymptotic assertion of 
Theorem 3.1. Therefore, we consider points of sh which satisfy the first con- 
dition. 
Any (A, 0) E CC x {0} is a rest point for Eq. (3.2). The right-hand side of 
Eq. (3.2) can be expanded about the point (A, 0) to determine the linear part. 
Next, it will be shown that the eigenvalues I satisfy the equation 
122+jA-p=o (3.3) 
where p is an eigenvalue of DVK. 
Let B(A), or just B, correspond to the matrix obtained by evaluating the 
Frechet derivative of VK = $R + VU(R) at R = A. Then the linear part of 
the right-hand side of Eq. (3.2) is given by 
where I is the identity matrix of the appropriate dimension. If the transpose 
of an eigenvector for this matrix is given by (u, v), then the defining equation 
is 
(3.4) 
This leads immediately to the equation (A2 + in)u = Bu. So, the eigenvectors 
of the matrix B determine the eigenvectors of the total system. Also, if ,u is 
an eigenvalue of B, then the eigenvalue L is given by Eq. (3.3). 
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For each positive value of ,u, it follows from Eq. (3.3) and the quadratic 
formula that there is a positive and a negative value for A. However, for each 
negative value of ~1, there are two non-zero eigenvalues of A and they both 
have negative real parts. (Note, if 4 < -l/36, then 1 is complex valued. This 
will play a role in the analysis of the parabolic orbits. See Section 6.) Should 
,u=O, then 1=0, -3. B ut, according to the above, the eigenvalue I = 0 
yields the eigenvector with components v = 0 and u where Bu = 0. This 
means that if A is an element of a component Y which satisfies 
Definition 3.1 (l), then the eigenvector (u, 0) lies in the tangent space to 
Y x {0} at the point A x 0. 
To summarize, should A be a sufficiently hyperbolic point of the first 
type, then all of the eigendirections off of the tangent space of 
Y X 0 c CC X 0 correspond to non-zero eigenvalues. Since this is true for 
all points on the variety Y x 0, this set is a normally hyperbolic invariant 
set, so the unstable manifold theorem for such a set (Hirsch et al. [4], or 
Fenichel [3]) applies. This means that the trajectories asymptotic to this set 
are in phase; in particular, each asymptotic orbit is asymptotic to a 
particular point of the set. Furthermore, the set of orbits tending to Y forms 
smooth submanifolds; the orbits tending to Y x {O} as u + -co form the 
unstable manifold (and the dimension of the unstable manifold for each point 
is given by the number of positive eigenvalues 1). The set of orbits tending to 
this set as u + co forms the stable manifold (where the dimension is given by 
the number of eigenvalues with negative real parts plus the dimension of Y). 
Moreover, since the orbits in 7’” X {0} are rest points, it follows from [4] 
that the manifolds are C” smooth, and both manifolds are foliated into the 
unstable (stable) manifolds of each point A E Y. 
All that remains is to show that those orbits which tend to a point A 
satisfying the second condition of “sufficiently hyperbolic,” but not the first, 
lie in a smooth submanifold. However, the above argument concerning the 
eigenvalues of the linear part still applies, and the conclusion follows from 
either the center-stable manifold theorem (for parabolic motion) or the 
center-unstable manifold theorem (for total collapse). This proves the 
theorem. 
For orbits approaching the first type of suffkiently hyperbolic set, we 
could handle any existing degeneracy in the matrix B because the eigen- 
vectors for a zero eigenvalue must be in the tangent space V. If the set CC 
fails to be sufficiently hyperbolic, then the parabolic orbits are in a stable- 
center manifold, while the total collapse orbits are in an unstable center 
manifold. But, the center manifold doesn’t correspond to ‘7’-. This means that 
any degenerate singularity structure of K affects the behavior of these orbits. 
Consequently, an improvement of Theorem 3.1 obtained by relaxing the 
limiting conditions on the parabolic or collision orbits awaits a more detailed 
study of Eq. (3.2) on a center manifold. 
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Note that Theorem 3.2 can be extended to certain analytic varieties of CC. 
This can be done by using the fact that there is no motion in the set CC and 
by imposing careful conditions on branch points of the variety with respect 
to the kernel of DVK. In this way extensions of the stable manifold theorem 
follow. For example, this would handle varieties which are constructed from 
the components of sh. For other analytic varieties it appears that the analysis 
requires properties specific to the n-body system. 
4. THE STRUCTURE OF SET 0 
In this section we shall show that several of the results for total collapse 
orbits extend directly to the general collision problem while others need to be 
modified. For instance, it will be shown that should CC be sufficiently hyper- 
bolic (CC = sh), then the set of initial conditions leading to collisions either 
forms a finite union of smooth submanifolds or it is contained in such a set. 
On the other hand, it is known that total collapse orbits must lie in a 
subspace of physical space which has the same dimension and the same 
orientation as that of the limiting central configuration [21]. For general 
collisions this result does not hold, but it will be shown that the colliding 
particles must asymptotically approach such a subspace. 
We start this section by resolving the Painlev&Wintner question for 
general collisions. Recall that the original question concerning the orbit 
(r - L)/P referred to whether it would be possible for R to rotate along the 
natural rotational invariant of the system; that is, the continuum given by the 
SO(3) action on any central configuration. We will follow the lead of [21], 
where the problem was solved for total collapse orbits, and show that such 
spin cannot occur for any type of collision. In Theorem 4.2, the extended 
problem will be solved for any sufficiently hyperbolic central configuration. 
As in Section 3, the independent variable will be changed to u = In t. This 
will convert Eq. (2.4) into a form similar to Eq. (3.2). The main difference is 
that the right-hand side will now include a term which corresponds to how 
the particles in a cluster interact with other clusters. This is given by the 
product of exp (4u/3) with the appropriate vectors which represent these 
cluster interactions. 
For particles with indices in G(a), orthogonally decompose the velocity 
component V, as W 1 + W, + W,. The vector R, defines a point and a 
radius of a sphere in Ra. Let W, correspond to the component of V, which 
is normal to this sphere with respect to the inner product (-,-),. The SO(3) 
action foliates the sphere in the obvious way. Namely, the foliation is given 
by the SO(3) action on any point on the sphere. Let W, correspond to the 
component of V, which lies in the tangent space of this foliation. The vector 
W, is what remains. 
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The Painlev&Wintner problem refers to the behavior of W, ; if it is 
absolutely integrable, then R, must approach a fixed orientation in the 
SO(3) rotation as u + -co. For the total collapse problem, it was shown that 
W, = 0. (See [21].) For the general collision problem this vector need not be 
identically zero, but we will show that W r approaches zero exponentially 
fast. This estimate resolves the original Painleve-Wintner problem. 
THEOREM 4.1. Let T be a collision orbit where the collision occurs at 
location L E A. Then for each colliding subsystem, the vector W 1 approaches 
zero exponentially fast. Consequently, tf vector (r - L)/t213 does not 
approach a fixed limit, it is due to motion orthogonal to the SO(3) rotation 
action. If the limiting set of central configurations satisfies the second 
condition for “su&Eciently hyperbolic,” then (r - L)/t213 must approach a 
fixed limit. 
Proof. A basis for the tangent subspace of the SO(3) foliation at the 
point R, is e, X R, = (er X Rj,, ,..., e x Rk,J, i = 1,2,3, where ei is the usual i 
unit vector of R 3 defined in Section 1 and where Rj,, is one of the 
component vectors for R,, (The system {et x R,} is not an orthogonal basis.) 
The e, X R, component of W, can be determined by computing (V,, 
et X &,/I ei X R, I) = CmJV, . (e, X R,)/le X R,I = e, . cJ[ei X R, 1. Here e,, 
the angular momentum for the subsystem G,, is defined as 
C, = c m,Rj X Vj (4.1) 
ieG, 
A direct computation shows that (ei X R,, ei X R,) = (R, , R,) - (R, , R,), 
where 2, is the vector obtained from R by retaining only the ei components. 
The above computation holds for any basis vectors, not just the basis given 
by e,. Therefore, it follows immediately that should the denominator be 
bounded away from zero and should c, approach zero exponentially fast, 
then W r must approach zero exponentially fast. This velocity component is 
integrable, so the conclusion will follow. 
The problem with the denominator approaching zero can only occur 
should the vectors R, and R, either coincide or approach each other. For 
this to occur, the limiting configuration must be a collinear central 
configuration which has its limiting orientation approaching the axis defined 
by c,. However, collinear central configurations satisfy Definition 3.1 (l), so 
this case will be handled by Theorem 4.2. 
The vector CA equals CEGta) m,Rj x R;‘. According to equations of 
motions, we have 
CL + jc, = O(exp(4u/3)). 
The righthand side corresponds to the perturbation term caused by the 
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interaction between clusters. The term R, X R, is anti-symmetric with respect 
to the indices; so, the summation consisting of the vectors from the same 
cluster vanishes because these vector product terms cancel pairwise. 
The solution of this differential equation for c, is 
c, = D exp((-u/3) + 0 (exp(4u/3)) 
where D is some constant vector depending on the intial conditions. For 
collision orbits, V, approaches zero and R, is bounded above as u + -co. 
Thus, for collision orbits, the vector D must be zero. This means that c, 
approaches zero exponentially fast, which in turn completes the proof of the 
theorem. 
The way we extend the remaining total collapse results to general 
collisions is to augment the space by introducing an extra variable. The 
introduction of this variable has the effect of admitting orbits which do not 
correspond to any motion of the original equations. These new orbits allow 
our analysis to follow. This is because a manifold of these new solutions 
decouples the simultaneous collisions of the original problem into separate 
“total collapse” problems. Then, stable manifold arguments centered at the 
“decoupled total collapse” points and the results of Section 3 can be used to 
determine the various conclusions. A different approach will be used in 
Section 5 to establish some other consequences of this decoupling effect. 
The first goal will be to show that in the new system the various types of 
collisions form unstable manifolds or unstable-center manifolds. Incidentally, 
by taking this approach, it now can be established that the various 
“collision” possibilities corresponding to points in CC actually do exist! For 
example, for the n-body problem with IZ > 10, the results given below ensure 
the existence of initial conditions whereby at a specified time three 
simultaneous collisions of the following types occur. Particles 1 through 4 
collide at a specified point in physical space with the limiting configuration 
being a specified orientation of an equilateral tetrahedron. Particles 5 
through 7 collide at a second specified point forming a specified orientation 
of an equilateral triangle. Particles 8 through 10 collide at a third specified 
point with the limiting configuration being a specified orientation of one of 
the three collinear configurations. No other particles collide but they must 
tend to specified locations in physical space at the time of simultaneous 
collision. The reason we can assert that such orbits exist is that the specified 
conditions define a sufficiently hyperbolic point on CC, so any orbit in the 
unstable manifold of this point has the required characteristics. (By use of 
the arguments of the last section, it is easy to show that this unstable 
manifold is non-empty. This is because for any central configuration, it is 
known from index arguments that the matrix B always has at least one 
positive eigenvalue [ 111; from this and Eq. (3.4) it follows that the unstable 
manifold is always non-empty.) 
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Before the theorem is stated, we need to extend the definition of a 
“sufficiently hyperbolic” central configuration from the setting of total 
collapse to that of a general collision. According to Theorem 2.1, collision 
orbits must tend to CC as t + 0 where CC is the product of the central 
configurations formed by the various clusters of colliding paricles. 
DEFINITION 4.1. A connected component Y of CC = Ha= I CC, is 
sufftciently hyperbolic if each of the connected submanifolds Yi c CC, in 
the product defining Y is sufficiently hyperbolic in the sense of 
Definition 3.1. Let sh be the union of all sufficiently hyperbolic sets of CC. 
Note that there will be three types of sufficiently hyperbolic sets. The first 
is if all of the terms defining r satisfy the first condition of Definition 3.1. 
A second would be if all the terms satisfy the second condition, and the third 
would be a mixed type where some terms satisfy the first condition while 
others satisfy the second. The last two will involve a center manifold in the 
classification of their unstable set. 
The following theorem covers all currently known types of possible 
collision behavior. The last sentence of this theorem provides a partial 
answer for the extended Painleve-Wintner problem, and it resolves the 
remaining case whereby the limiting configuration for collisions is a collinear 
one and where its orientation tends toward the angular momentum vector. 
THEOREM 4.2. Let SH correspond to the set of initial conditions in 
collision set %Y for which the orbits tend to sh E CC. Then SH is either the 
finite union of Cm smooth submantfolds, or it is contained in such a set. The 
first case applies for those orbits tending to Y c sh where each of the terms 
satisfy the first condition of Definition 3.1; the second applies for all others. 
Furthermore, for each collision orbit in SH, (r - L)/t2” tends to a spect@ 
point of sh. 
This theorem asserts that the collison bound set is determined by smooth 
submanifolds. We do not assert that the submanifolds are imbedded; indeed, 
as we see from Mather and McGehee [7], they may not be. Also note that 
this theorem describes a subset of Q, so this discussion is in the space of the 
original variables (r, v). Hence, this theorem extends Theorem 3.1. to 
establish that the set of total collapse orbits forms the appropriate type of 
smooth submanifolds in the (r, v) space. Of course, the trajectories which are 
asymptotic to sh are in phase and the manifold is foliated by smooth 
manifolds defined by each point of sh. 
Proof For n > 2, there are many types of possible collisions which can 
occur. To start, select one type. That is, first determine which subsets of 
particles are to collide with each other and which particles are not to collide. 
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This selection determines a partitioning of the indices as given in Section 2. 
Next, the locations of the various collisions are to be specified. However, 
rather than specifying an appropriate choice of L, the proof becomes 
technically simpler by introducing the center of mass of each cluster. 
Namely, let C, = (l/M,) C mp,, where the summation is over the indices in 
G(a) and where IV, is the total mass of particles in cluster G(u). At a 
collision, the colliding particles are trying to occupy the same point in 
physical space, so C, defines that location. 
Define CM E (R 3)n to be the vector where the jth vector component is the 
center of mass vector for that cluster which contains the jth particle. Notice 
that the vector CM lies in some set d, in d (i.e., d, is the intersection of the 
appropriate A, minus the subspaces which define higher-order multiple 
collisions), and that as C+ 0, the vector CM approaches the collision 
point L. This limit statement can be easily verified by examining the 
differential equation for the components of CM. The equation for C, is 
G(a) 
= Zj jeza, 
Qt?lj{rk - rj}lri’ (4.2) 
mkt?Ij{Ck - Cj}/r:’ 
Because vector addition of {rk - rj} is anti-symmetric with respect to the 
indices, in the middle summation those terms with both indices in G(u) 
cancel pairwise; this yields the last summation. In the last summation, for a 
collision orbit of the type specified, each term is bounded as t + 0 (they are 
approaching different limit points), so C:, = O( 1) as t + 0. Consequently, by 
integrating both sides of this relationship and then taking the limit as the 
limits of integration approach 0, it follows from the Cauchy theorem for the 
existence of a limit that both C, and C, approach a limit with the order O(t) 
as t+O. 
The variables we will use in this proof differ from those used earlier. Let 
Pt 2/3 =r-CM. 
Notice that the vectors R and p have similar definitions for collision orbits; 
the first is defined in terms of the limiting position, the second in terms of a 
vector tending to the limiting position. Indeed, by using the above estimates 
on the vectors C, it is easy to show that both R and p have many of the 
same properties; these common properties include those obtained for R so 
far in this paper. 
We return to specifying the collision. For each class G(u) some 
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component of CC, is selected. The product of the corresponding varieties 
from the various subsystems specifies the class of central configurations; this 
corresponds to the choice of the limiting configurations of the colliding par- 
ticles. 
The equations for p are similar to Eq. (2.4) except that vectors C, replace 
the appropriate components of L. These equations are converted into a form 
similar to that of Eq. (3.2). To do this, the same change of the independent 
variable u = In(t) is used. However, the new equation is non-autonomous 
because it includes terms of the form exp(2u/3). So, we introduce an 
equivalent autonomous system for i E G(u). 
z’ = 213 z (4.3a) 
+Z2 C [mk(Pk-Pi)z 
kdG(a) 
+ tck - ci)l/l(Pk - Pi> Z + tck - ci)13 (4*3b) 
CM” - CM’ = z30( 1). (4.3c) 
The identification of solutions of this system with those of Eq. (2.4) is 
immediate when the initial conditions for z are restricted to z(0) = 1. Thus 
we start by analyzing system (4.3). 
In the new variables (p, p’, CM, CM’, z), the invariant subspace z = 0 has 
the effect of decoupling the n-body problem into several disjoint “n” body 
problems where the particles are given by the indices in the sets G(u). 
So, in this invariant manifold the collisions of the original system now 
become decoupled “total collapse” problems; i.e., the multiple collisions all 
act like total collapse problems decoupled from the other subsystems. This 
can also be seen by the behavior of CM, which is given by a uniform 
collinear motion. (It is easy to establish that this “total collapse manifold,” 
z = 0, does NOT correspond to any motion of the original system given by 
Eq. (2.4) or (1.3).) For those indices corresponding to particles which do not 
collide with any other particle, r, = Cj, so these equations of motion are 
included as components of CM. 
It is clear that any point in 9 = CC x 0 x A, x 0 x 0 is a rest point for 
Eq. (4.3). The z term appears in a linear equation in the first of Eq. (4.3), but 
as a second- or third-order term in the remaining equations. Thus the effect 
of adding the z variable is to add another hyperbolic direction for the 
augmented system about a rest point. 
Next we study the hyperbolic structure of Eq. (4.3) at each point in g. By 
the hypothesis imposed upon the component Y and the decoupling of the 
linear part due to the z term, the only term which hasn’t been handled is that 
which describes the behavior of the flow of CM on A,. This is most easily 
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accomplished by analyzing the flow of each component vector C,; the 
differential equation for C, is given by Eq. (4.3). The linearized part admits 
the eigenvalue unity with eigenvectors (X, X) and the eigenvalue zero with 
eigenvectors (X, 0), where X E R”. Thus, for the linearized part of Eq. (4.3), 
any eigenvector which corresponds to the zero eigenvalue lies in the tangent 
space of A,. Any non-zero eigenvector which is not in this tangent space has 
a corresponding eigenvalue of 1. 
To summarize, if Y is a compact, connected submanifold of CC which is 
sufftciently hyperbolic (Y corresponds to the choice of the limiting 
configurations of the various collisions), any vector in the kernel of the 
matrix representing the linearized flow of Eq. (4.3) is either on the tangent 
space of the invariant set g (all the components of Y satisfy Definition 3.1 
(1)) or it lies in the tangent space of the components of Y which satisfy 
Definition 3.1 (2). We cannot directly apply the unstable manifold theorem, 
nor the unstable-center manifold theorem, because @ is not compact. There 
are two ways to handle this. The easiest is to exploit the facts that @ is 
sigma-compact and that each point of G9 is a rest point. The first implies that 
g can be expressed as a countable union of compact subspaces where the 
division is made on the space A,. Each of these compact subspaces satisfies 
the conditions of the appropriate unstable manifold theorem; there are no 
problems on the boundaries because all of the points are rest points. From 
this the conclusion follows. The smoothness of the manifolds follows from 
the fact that there is no flow in 9, so the system is r-hyperbolic for any 
choice of r [4]. The orbits which lie on the unstable manifold theorem are in 
phase. Theorem 4.1 and the assumption on the structure of the components 
which satify the second definition of “sutficiently hyperbolic” force these 
orbits to tend to a specific point on sh. 
There is a second approach which would yield slightly stronger 
conclusions at the expense of more difficult estimates. This would be to use 
the normally hyperbolic stable manifold theorem for non-compact invariant 
sets [4]. This involves estimates on the higher-order derivatives of the flow. 
These estimates are possible to obtain because of the z factor in the pertur- 
bation terms. However, the above suffices for our present purposes. 
Even off the “total collapse manifold,” there are orbits described in the 
above paragraph which may appear to correspond to orbits which are not 
realized by Eq. (2.4); these are the orbits which do not satisfy the initial 
condition restriction for z; Z(0) = 1. We will show that this is not the case; 
all orbits on these manifolds where z > 0 are identified with orbits of 
Eq. (1.3) or (2.4). Note that since Eq. (4.3) are autonomous, they are 
invariant with respect to time translates u + c. But any positive value of the 
constant c will define a time translate which will convert any orbit which has 
z = c exp(fu) into an orbit with z(0) = 1. This means that any orbit of (4.1) 
on the manifold Z where Z > 0 corresponds to an orbit of the n-body 
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problem. Here the manifold 2 is the unstable manifold for the equilibrium 
set of Eq. (4.3). Notice that there is no restriction on z. 
A second approach would be to augment the space with the variable u, 
and then take the intersection of 2 with the manifoid given by z = exp(2u/3). 
This is a transverse intersection, and it is the set of orbits from Eq. (2.4). 
Then, we use the fact that Eq. (4.3) is autonomous to project back into the 
original space. 
We now show that there is a manifold in the (r, v) space which 
corresponds to the collision manifold of Z. To do this, define the mapping 
F(p, p’, z, CM, CM’) to the space of variables (r, v, t) as 
r=pz+CM, v = $I + P’)/z”~ + CM’/z”*, t = 2312. 
After imposing the constraints on the domain that the weighted (with the 
value of the masses) sums of the (p)‘s and (p’)‘s from each subsystem vanish 
(e.g., (p,, Ei), = 0), the mapping F is the inverse of the coordinate transfor- 
mation made earlier. It is a straightforward computation to show that F is 
one-to-one and that its Jacobian is non-singular. 
Thus, F(Z(0)) is a smooth submanifold of (Rb)” x R, where Z(0) is the 
submanifold of Z corresponding to the restriction z > 0. (Here we are using 
the fact that z = 0 corresponds to an invariant manifold.) By construction of 
Z(0) and according to the original coordinate transformation, each point 
(r, v, t) in this manifold defines an initial condition at time t for which its 
orbit will result in a collision at time t = 0 (U = -co). But, the coordinates 
(r, v) uniquely define the solution, t only specifies the “initial time”; thus the 
projection mapping from F(Z(0)) to (R*)” is one-to-one and its Jacobian is 
trivially non-singular. Thus the image is again a smooth manifold and it 
corresponds to the orbits which terminate in the specified type of collision. 
However, since the system is invariant with respect to time translates, this 
includes only those orbits which terminate in the specified type of collision 
as t+t,+, where t,, the time of collision is arbitrary. To get all of the 
collisions of this type (i.e., where t, is in the future of the initial time) use the 
time reversibility condition which defines the mapping G(r, v) = (r, -v). This 
again gives a manifold. 
The above argument is based upon a specific choice of which particles will 
collide with each other, and the accompanying classes of limiting central 
configurations. To complete the proof, all possible choices must be 
considered. Since there is only a finite number of such choices, the final set 
which corresponds to all collisions is the finite union of all the corresponding 
submanifolds. This completes the proof of the theorem. However, note that 
the above construction uses the fact that no orbits in the invariant plane 
z = 0 correspond to orbits of the original system. Thus, the type of collision 
which isn’t in this setting is the total collapse orbit. Here the same argument 
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applies except for one orbit which corresponds to the fixed point A, i.e., the 
orbit r = A?. This orbit can be handled separately. 
COROLLARY 4.1. Consider the coplanar n-body problem. For almost all 
choices of the masses, the set of initial conditions leading to some type of 
collision defines a finite union of smooth lower-dimensional submanifolds. 
ProoJ This result follows from the fact that for almost all chaises of the 
masses, the coplanar central configurations are non-degenerate [ Ill. It is 
well known that the collinear central configurations are non-degenerate 
[9,20], so they are sufficiently hyperbolic. Since there is only a finite 
number of possible choices for selecting which subsets of particles are to 
collide with each other and each choice gives rise to only a finite number of 
central configurations, for almost all choices of the masses these conditions 
are satisfied. The conclusion follows. 
COROLLARY 4.2. Let Q9 be the subset of %? for which the various 
collisions are defined either by a coplanar or by a collinear central 
conftguration. Then for almost all choices of the masses the set Q9 is the 
finite union of smooth, lower-dimensional submanifolds. 
The next corollaries are more consequences of the proof rather than the 
statement of the theorem. The first corollary establishes the existence of the 
various types of collision possibilities. This includes the collisions described 
in the opening paragraphs of this section. 
COROLLARY 4.3. Let n be a positive integer. Partition the n particles into 
k subsets. For each subset, select a distinct point in physical space and a 
suflciently hyperbolic central configuration corresponding to the number of 
particles in the subset. Finally, specifv the orientation of these central 
configurations in physical space. Then there exists a manifold of initial 
conditions such that at the specified time t = t’ each subset of particles will 
collide at the spectjied point in physical space where the limiting 
configuration will be the specified central configuration with the spect>ed 
orientation. 
Proof. This follows directly from the proof of the theorem where the 
fixed value of L is the limit for CM. The only thing which needs to be 
verified is that for any choice of masses a sufficiently hyperbolic central 
configuration can be found. To do this one could choose a collinear central 
configuration. 
For the two-body problem, it is a classical result that the collision orbits, 
or total collapse orbits, must lie on a straight line (e.g., see Pollard [ 121). In 
[21], this result was extended to all total collapse problems. It was shown 
505/55/3-3 
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that should the particles tend to a central configuration which spans a 
d-dimensional subspace in physical space, then the trajectory must lie in that 
SAME subspace of physical space for all time that the solution is defined. 
The argument was based upon showing that no additional positive eigen- 
values are added for the matrix B when the dimension of physical space is 
increased. Since the equations of motion are well defined when restricted to 
any linear subspace of physical space and since the solutions will lie in that 
space, it follows that the unstable manifold of the central configuration must 
lie in that subspace. 
Clearly, this result doesn’t hold for the general collision problem because 
the location of the other particles can impose a force vector out of this plane. 
However, for a binary collision in the three-body problem, it is known that 
the two particles in the binary must approach this collision in an orbit which 
is asymptotic to the limiting final collision (Sundman [25]). This result will 
be extended here to any collision orbit which tends to a sufficiently hyper- 
bolic central configuration. 
COROLLARY 4.4. Assume that (r, v) is a collision orbit where the 
(perhaps simultaneous multiple) collision occurs at L at time t = 0. 
Furthermore, assume that (t - L)/? approaches a suflcientiy hyperbolic 
central configuration A. Then the individual subsystems of the particles must 
approach the central configurations given by the components of A. For each 
subsystem G(a), assume that the location of the collision point is L, in 
physical space and the corresponding central configuration spans a d- 
dimensional subspace S,. Then as t + 0, this subsystem of particles must 
asymptotically approach the d-dimensional plane L, + S, . 
Proof In the R, V variables, the orbits must asymptotically approach the 
total collapse manifold. The conclusion follows after a straightforward com- 
putation. 
We conclude this section by determining the dimension of some of those 
collision manifolds. These statements are limited because the eigenvalue 
structure for the matrix B is not well understood for n > 4. 
COROLLARY 4.5. For the n-body problem, consider the set of solutions 
which terminates in a k-fold collision of the k binaries 1, 2; 
3, 4;...; 2k - 1,2k, but with no other particles colliding. This set forms a 
smooth submantfold of dimension 6(n - 1) - 3k. 
Proof: For each binary collision, the unstable manifold for any point has 
dimension 1. The total dimension of the component of CC is 2, so the 
unstable manifold for any binary collision has dimension 3. Since there are k 
binaries, this gives rise to dimension 3k. There are k vector components for 
the different centers of mass for the colliding binaries and n-2k vector 
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components for the non-colliding particles. Thus the unstable manifold for 
the vector CM is of dimension 6(n - k). The above dimension follows once 
6 dimensions are removed to correspond to the fixing of the center of mass of 
the system. Notice that the above is for those solutions which terminate in a 
collision; there is a parallel result for those solutions which originate” in 
collisions. 
COROLLARY 4.6. For the 4-body problem, the set of solutions which 
terminates in a collision other than a total collapse forms the union of 25 
smooth submanifolds of the following dimensions: 
6 manifolds corresponding to a single binary colliding where each 
manifold has dimension 15. 
3 manifolds corresponding to a simultaneous binary collision where 
each manifold has dimension 12. 
4 manifolds corresponding to a triple collision where the limiting 
configuration is an equilateral triangle and where each manifold has 
dimension 11. 
12 manifolds corresponding to a triple collision where the limiting 
configuration is one of the three possible (for each triple of particles) 
collinear central configurations and where each manifold has dimension 9. 
Proof: This is again a dimension counting argument. To do this, we need 
to know the dimension of the unstable manifold for the matrix B when the 
central configuration is an equilateral triangle and when it is a collinear 
central configuration. An equilateral triangle corresponds to a minimum of 
(R, R)U2, so there are two positive eigenvalues. The collinear central 
configuration corresponds to a saddle point and B has only one positive 
eigenvalue. (For example, see [20].) The rest involves counting the 
dimension of the SO(3) orbit of any central configuration and the dimension 
of CM. 
5. REGULA~UZATION AND THE ANALYTIC NATURE OF SINGULARITIES 
For total collapse orbits of n-body systems where n > 2, some of the 
eigenvalues defining the unstable manifold depend smoothly upon the masses 
[21]. Thus, for most choices of the masses, these eigenvalues will assume 
irrational values. This means that in the r, v variables, some of the terms in a 
power series expansion for t will have values of t with irrational exponents. 
So, when t is treated as a complex variable, for such masses the expansion 
will correspond to a logarithmic singularity. This result was already known 
to C. L. Siegel for the special case of total collapse in the three-body problem 
]231. 
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On the other hand, it is known that binary collisions correspond to an 
algebraic branch point. If there is a single binary collision, then the solution 
is given by the power series 
r(t) = f aktk13( 
k=2 
The next obvious question, which I believe is due to Siegel, is to determine 
the nature of other collision singularities; in particular the nature of two 
simultaneous binary collisions. The main purpose of this section is to do 
this; our main result in this direction is: 
THEOREM 5.1. Any multiple collision which consists only of simultaneous 
binary collisions at time t = 0 is an algebraic branch point where the solution 
of each of the particles can be expanded in a power series of t’j3 which 
converges in a neighborhood of t = 0. 
Of course, the earlier statement concerning other collisions also extends. It 
follows that for almost all choices of masses almost any other type of 
collision orbit does not correspond to an algebraic branch point. It is obvious 
that a collision doesn’t define an algebraic branch point should the leading 
term for the series represention of the orbit be t raised to an irrational power, 
But, these exponents come from the eigenvalues. 
Proof. Assume there will be k binary collisions occurring simultaneously 
at time t = 0. Without loss of generality, we can assume that the pairs of 
colliding particles are given by the grouping of the indices 1,2; 
3, 4;...; 2k - 1,2k. This defines the sets G(j), j = l,..., k. After the change of 
independent variables s = t113, Eq. (2.4) become 
s*R; + 2sR; - 2R = $ aU,/aR, + s4gi(s, R), i E G(j), (5.1) 
where the components of gt(s, R) are analytic functions of the variables s 
and R. (The function g, is 9 times the second summation found on the right- 
hand side in Eq. (2.4) where the t terms are replaced by s. We are using the 
formulation of the equations of motion which specify the location of the 
collision at L. At the end of this section, we will indicate what changes are 
necessary in order to adapt this approach to the equations which express 
each particle relative to the center of mass of that particular system.) What 
we do is substitute the series R, = C,“=O a& into Eq. (5.1) and show that 
choices of coefficiens al,p can be made so that any solution which lies in the 
unstable manifold has such a represention and that all the series converge. 
(In each coefficient al,p, the first index denotes the particle while the second 
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denotes the exponent on the variable s. The vector a0 is the 3n vector 
@i,p,---9 a,,,>.) 
After substituting the series into Eq. (5.1), the formal recurrence relation 
between coefficients can be determined. For p = 0, 1,2,3, this relationship 
does not involve the gi term. Specifically, we have 
-2h- 1.o, ad = 9vP*(%i-- 1.0, %i,J 
where i = 1, 2,..., k and 17, is the potential for the ith subsystem. For i > 2k, 
the zero-order condition is -2ai,, = 0. This means that a,, corresponds to a 
central configuration. This is to be expected because at s = 0 the solution 
would have to be in the set CC in the total collapse manifold. 
For p = 1, 2,..., the currence relation is 
[@- l)@ + 2)E- gDViUiI(a~i-~,p~ a2i,p)=h,(a,,..., a,-,) (5.2a) 
for those i’s corresponding to colliding particles, and it is 
@ - 1K.P + W(a,,p) = Go,..., a,-,) (5.2b) 
for the non-colliding particles. The matrix E is the identity matrix of the 
appropriate dimension. 
The standard way to obtain this recurrence relation is to use the 
analyticity of the terms on the right-hand side in some neighborhood about 
the limiting configurations at collision. From this, these terms can be 
expanded in a power series expansion in terms of the variables R and s. 
Then, the unknown series C aPsp are substituted for the various variables R 
and s, and, formally, terms are collected according to the power of the 
exponents. This is equivalent to defining the components of the vector 
function R(s) = a(s) by the series which we are seeking to determine. This 
unknown function is then substituted into the terms on the right-hand side, 
and the equations are (formally) differentiated according to the chain rule. 
When the pth derivative is taken, the only place the pth derivative of a(s) will 
appear is in the linear terms on the left-hand side of these equations and in 
DV, U,. All other terms involve higher-order derivatives of U, and 
combinations of lower- (than the pth) order derivatives of a(s). When 
evaluated at a(O), we obtain the h, function. Furthermore, note that the s4g 
term does not contribute anything to the h functions until p > 3. That is, it is 
not until the coefficients a, that the position of the other particles can play 
any role in the determination of the value of the coefficients in the orbit of a 
binary collision. In particular, this means that the right-hand side of 
Eq. (5.2b) is zero should p < 4. Thus for the non-colliding particles, al,i is 
arbitrary (it corresponds to the limiting velocity) while al,p = 0 for p = 2, 3. 
The choices for ai,p for p > 3 are uniquely determined by Eq. (5.lb). Note 
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that in general ai, will not be zero because the corresponding h will be the 
perturbation term g’(o, a(0)). As such, even the non-colliding particles will 
have an algebraic branch point at the collision. 
What remains is to determine the coefftcients for the power series for the 
colliding particles. This requires determining the properties of the matrix 
O(ViVi). TO compute the matrix D(V,UJ, we first compute the central 
configuration. For simplicity of notation, assume that the indices are 1 and 
2. Then, on the total collapse manifold (where the central configuration 
lives) the two particles must satisfy the center of mass condition 
m, R, + m,R, = 0. The central configuration must lie on a straight line, 
which we can take to be the x-axis; the only question is to determine where 
on this line the particles must be. From the center of mass condition, this can 
be determined once we know the distance between particles; but this distance 
is R ,,* =R2@/m,), where ,u =m, + m,. 
After combining the two central configuration equations we have 
a@2 - W = CR2 - R&/R:,,. 
From this it follows that the distance between the particles at this central 
configuration is given by R , ,2 = 9,u/2. 
Using the above value for R ,,2 and the configuration lies on the x-axis, we 
have after a direct computation that 9D(V,U,) is the 6 X 6 matrix 
( 
Clm2 1 -CW,J 
-WI1 Cl% 1 1 (5.3) 
where C{m} is the 3 x 3 diagonal matrix with 4m/,u in the (1,l) position and 
-2rnl.u in the other two diagonal slots. 
This matrix has a kernel of dimension 3 where any element of the kernel is 
given by a vector (X, X), where X is any three vector. Actually, it is to be 
expected that the kernel is of this form. This is because the function Vi is 
invariant with respect to any translation C which takes (R, R) into 
(R + C, R + C); thus this invariant is shared by the gradient and any higher- 
order derivatives. This will be used in what follows. 
Direct substitution shows that the non-zero eigenvalues with their 
corresponding eigenvectors are: the eigenvalue 4 with the eigenvector 
(1, 0, 0, m1/m2, 0,O) and the eigenvalue (-2) with the eigenspace spanned by 
0, 1,O; 0, -ml/m,, 0) and (0, 0, 1; 0, 0, -ml/m,). We now return to deter- 
mining the coefficients of the series for the colliding particles. 
For p = 1, the h function is zero, so it follows from Eq. (5.2) that the 
choice of a,,, and a2,r must come from the kernel of the DV r U, . Thus there 
is a three-dimensional choice. Because the kernel corresponds to translation 
of the binary system, it is easy to see that this term corresponds to the final 
velocity of the center of mass of the colliding binary. 
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For p = 2, function h is 9D2VU(w, w}, where w  is the 6 vector selected 
above for the p = 1 term. However, w  corresponds to the translation 
invariance of U, so this term also is equal to zero. Consequently, {a1,2, a2,2) 
must be a multiple of the eigenvector for the eigenvalue 4; this eigenvector is 
given above. 
For p > 2, the matrix on the left-hand side of Eq. (5.2) is non-singular, and 
the multiple of the identity matrix E clearly dominates the matrix sum. This 
establishes that the coefficients of the series can be determined uniquely. A 
counting argument establishes that the degrees of freedom in the choices of 
the aP correspond to the dimension of the unstable manifold for a point L as 
computed in Corallary 4.5. From this, and from the interpretation of the 
various coefficients which are to be selected, it follows easily that all of the 
collision solutions are represented by one of these series solutions. For p > 2, 
the norm of the inverse of the matrix in the right-hand side is bounded above 
(in fact, it goes to zero like l/p), so a standard majorant argument (e.g., see 
Hille [5]) holds to show that all of the series solutions derived above 
converge in some neighborhood of s = 0. This completes the proof. 
If the equations of motion which represent the particles in terms of the 
centers of mass of the various clusters of particles (see Eq. (4.1)) are used 
instead of Eq. (2.4), then the differences are as follows. First, on this space 
Vi is not translation invariant because of the restriction on the binaries. This 
means that DVi Vi is non-singular, and that the p = 1 terms are all zero. On 
the other hand, the coefficients for the series solutions of the centers of mass 
of the clusters admit arbitrary terms which correspond to the final location 
of collision and the final velocity of the centers of mass. The resulting 
dimension is to be compared with the dimension of the total manifold 
corresponding to k simultaneous collisions. 
6. PARABOLIC MOTION 
In this concluding section, we examine the behavior of parabolic motion. 
In particular, we show that certain types of parabolic orbits must form 
smooth submanifolds. A complete study of this motion involves 
complications in addition to the possibility of non-“sufficiently hyperbolic” 
central configurations. The problem is caused by orbits which include 
relatively bounded motion. The difficulty is that we don’t know the behavior 
of strictly bounded motion; e.g., does it define a manifold? (See [B].) It 
appears that the way to handle this problem requires techniques which are 
different from those developed in this paper. (The one case considered to 
date is the three-body problem with a binary and the third particle escaping 
parabolically. The techniques are much different than those used here 
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[2, 151.) Therefore, we restrict attention to those special cases which are 
similar to the problems already studied in this paper. 
According to the asymptotic classification of motion of n-body systems 
[ 17,8], there is hyperbolic motion, where the distances between particles 
increase like t, parabolic motion, and sub-parabolic motion. What we will 
study here are hyperbolic-parabolic motions. This is motion where for any 
two particles, the distance between them grows either like t2’3 or like t. (Any 
other type of motion includes some rij such that liminf (rii) < 00 as t -+ co. 
See [S]. 
For hyperbolic-parabolic motion, define clusters of particles in terms of 
their rates of separation from each other where we specify that two particles 
lie in the same cluster should their distances be O(t2’3) as t-t co. This 
definition of clusters partitions the indices, so let G(i) be the set of indices 
for the ith cluster. Let C, be the center of mass of the ith cluster, and let CM 
be the 3n vector which has for the jth vector component the center of mass 
of the cluster to which rj belongs. Let cm be CM/t. Define R as 
r = cmt + Rt213. 
Then, the ith vector component of R gives the scaled position of ri/t2’3 
relative to the center of mass of its cluster. 
THEOREM 6.1. Let n be given. The set of initial conditions which leads to 
completely hyperbolic motion forms an open set. The set of intial conditions 
which leads to hyperbolic-parabolic motion or completely parabolic motion 
where the parabolic motion tends to an sh set of CC either is a finite union of 
smooth submanifolds or it is contained in a finite union of smooth 
submanifolds. Furthermore, the parabolic orbits R tend to a specific point of 
sh. In all cases the velocity component W, approaches zero exponentially 
fast. 
The fact that W, always tends to zero exponentially fast resolves the 
original Painlev&Wintner question when it is applied to parabolic orbits. 
That is, the vectors R cannot admit an infinite rotation in the direction of the 
rotation symmetry of the problem. This does not mean that the system 
cannot admit a physical infinite rotation about some axis-it can! The 
difference between parabolic orbits and collision orbits is that for the 
parabolic orbits the linearized system can admit eigenvalues with complex 
values. From this it can be shown that the system may admit physical 
rotation about the axis for certain mass ratios (Robinson and Sari [ 161). 
Because this rotation expands like tl”, it is a physically meaningful rotation, 
but it cannot be captured by the gross asymptotic behavior of R. That the 
results of [ 161 can be extended to the dispersing systems considered here will 
become clear from the following. 
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Proof: After introducing the change of independent variable t = exp(s), 
the equations of motion become 
z’=- ;z 
cm” + cm’ = z30(cm, R, z) 
R; + +R,: - $R, = V, U, + z60(cm, R, z) 
where O(cm, R, z) corresponds to perturbation terms which are analytic 
functions of. the indicated variables and the value of these terms remains 
bounded as s + co. The same convention applies to the z variable as in the 
collision problem; we assume that the orbit passes through z(0) = 1. 
The analysis of this system is similar to that given in Section 4 for the 
collision problem, so we will outline only some of the differences and how 
they are handled. The first difference is the treatment of the 
PainlevbWintner problem. Here, when expressed in terms of the variables 
given above, the angular momentum for each of the clusters goes to zero like 
D exp(-s/3); the vector D corresponds to the limiting angular momentum of 
the system which may be non-zero (for parabolic systems). This forces W, 
to approach zero exponentially fast except, possibly, in the case where the 
denominator goes to zero. This last case can occur only should the limiting 
configuration be a collinear central configuration which has a limiting orien- 
tation along the angular momentum axis. In this case, the limiting 
configuration is sufficiently hyperbolic, so it will be handled with the other 
assertions of the theorem. 
The remainder of the proof is similar to that of Theorem 4.2 except that 
the emphasis is placed upon the stable manifold instead of the unstable 
manifold. Also, the invariant manifold corresponding to z = 0 is not the total 
collapse manifold, but rather it is a “final motion” manifold. Notice that 
with the scaling given here, the hyperbolic motion plays the role of non- 
colliding particles in the collision problem. 
The corollaries which follow from this theorem parallel those given for the 
collision problem in Section 4, with some exceptions; the first is that the 
clusters of particles tending to a specific central configuration need not lie in 
the subspace defined by the central configuration. The reason is that the 
stable manifold is larger and its dimension increases along with an increase 
in the dimension of physical space. (This is not true for the unstable 
manifold.) Hence the stable manifold can include motion outside the aftine 
subspace defined by the limiting central configuration. A second difference is 
related to the first; the dimensions of these manifolds need not agree with 
those of the collision manifolds; the dimension is at least as large as the 
corresponding collision manifold and it may be larger. This is because 
whenever Eq. (3.3) gives a positive root, it is accompanied by a negative one. 
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Furthermore, ,U is negative for those directions corresponding to “increasing” 
the dimension of physical space. We conclude by noting that the behavior 
outlined in [ 161 does occur for the appropriate mass values per particles in 
clusters. This is proved by using the methods developed here; namely, an 
expansion is made about a point in the final motion manifold and the orbits 
corresponding to the complex valued eigenvalues are followed. 
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